Introduction
The notion of a covering of a spacc (or arbitrary set) appears in many fields of mathematics (topological spaces, probabilistic spaces, combinatorial theory, structures related to the data analysis, etc.). We shall consider special coverings which arc in some sense regular. The idea of regularity considered here comes from the model of integers with the divisibility relation. It seems reasonable to consider the general properties and structures of such covering. As a result we will give a simple characterization of asymptotic regularity of a covering.
Definitions and notations
For any set X we denote by |A'| its cardinality. The variables v,n,m,k, /, r,N" belong to the set of natural numbers. For any functions /(f), g{v), (g(v) ^ 0) the symbol / = o(ry) means that there exists a limit lim,,-^ j^j and it is equal to zero. The abbreviated notation iff means if and only if.
Let y v be any Sequence of finite sets, (M%) n <N v a covering of y v . We shall say that the sequence of coverings U v is regular iff the following condition holds
To any point y6 J'" we attach the weight W{y) will stand for the average value of w"(y) i.e.
W{u) = \y»\~l £ w"(y).
vty
Throughout the paper the variables in the sums ^ , m range over the sets: y G y, n, in € {1,2,..., iV,,}.
The principal result
We start with the auxiliary lemma LEMMA. We have Ike following equalities
Proof. Since the argument is similar we prove only the equality (3). Let us fix y € y and consider the left-hand side of (3). Since the element y belongs to wu(y) distinct sets of the family {Un)n<Nui the number of pairs (ra, m) such that y € U\[ fi U"n is equal to wl/(y) 2 (i.e. the corresponding multiplicity of y on the right-hand side of (3)).
In the following theorem we give the characterization of regular covering sequences in terms of w"(y) and \'V(v).
THEOREM. The covering sequence U" is regular iff the following condition holds
Proof. "<=" In view of (2) and (3) we have that
By (4) we obtain that the last term above is o(W(v) 2 \y\) hence the lefthand side of (1) is equal to
On the other hand the right-hand side of (1) In each interval 7£(r = 0,..., 2" -1) we choose I = l(v) points (1(f) oo as v -• oo) and this provides the construction of the set y. As the covering sequence we consider the family A v = {O^n/j^, 0 < k < v, 0 < r < 2 fc -l}. Using the characterization (4) we will prove that the covering sequence A" is regular. To show this we define D" = : 0 < k < v, 0 < r < 2 fc } and observe that we have the inequalities v + 1 < w l/ (y) < 2u + 1 and w u (y) = v + 1 provided y € y -D u . We will show directly from the definition (1) that the covering C" is regular.
Therefore
As an effect of the Theorem we obtain the conclusion : for any 6 > 0 the set of n < u 1 such that n has at most (1 + 6) log log n prime divisors is equal to v 2 (\ + o(l)). To verify (1) we observe that |C£ l~l = j-+ 0 (p>i ) where 6( p , q ) is a real number with absolute value not exceeding 2. Therefore which proves the regularity of C". To obtain the conclusion notice that w v (n) = number of distinct prime divisors of n which are less or equal to v. Therefore
Finally we interpret the equality (4). We have Hence in view of (5) the number in question is of order o = °( t/2 )-
The conclusion follows by observation that the weight w u (n) differs from the cardinality of all prime divisors of n at most by one (since n < v 2 may have at most one prime factor p > u). The obtained result is classical and may by found for instance in [1] p. 356.
